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Abstract
A sucient condition for connected N2-locally connected K1; 3-free graphs without vertices of
degree 1 to be Hamiltonian is given in terms of subgraphs and their local properties.
This condition is weaker than that given by Ryjacek (J. Graph Theory 14 (3) (1990) 321{331).
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The graphs considered here are simple and nite. Let x be a vertex of G. The
neighbourhood of the rst type of x in G; N1(x; G), is dened as the vertex-induced
subgraph of G on the set of all vertices that are adjacent to x. Instead of N1(x; G) we
can shortly write N (x; G).
We say that an edge vw2E(G) is adjacent to a vertex x2V (G) if v 6= x 6= w and
v or w is adjacent to x. The neighbourhood of the second type of x in G; N2(x; G), is
dened as the edge-induced subgraph of G on the set of all edges that are adjacent to x.
Let t=1 or 2. If for every vertex x of G; Nt(x; G) is connected (disconnected) then
G is said to be Nt-locally connected (disconnected). Ryjacek [1] proved the following
interesting result:
Theorem 1 (Ryjacek [1]). Let G be a connected N2-locally connected K1;3-free graph
without vertices of degree 1; which does not contain an induced subgraph H isomor-
phic to either G1 or G2 (shown in Fig. 1) such that N1(x; G) is disconnected for every
vertex x of degree 4 in H . Then G is Hamiltonian.
The condition of Ryjacek can be improved by adding the local properties for vertices
of degree 3 of G1. The following signicant result by Ryjacek [2] will be used in the
proof of Lemma 3.
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Fig. 1.
By the local completion of G at the vertex x we mean an operation of adding all
the edges between vertices of N (x; G) that do not belong to E(G).
Theorem 2 (Ryjacek [2]). Let G be a claw-free graph and let x be a vertex of G
such that the subgraph N (x; G) is connected but it is not complete. Let G′x be the
graph obtained by the local completion of G at the vertex x. Then
(i) G′x is claw-free;
(ii) G and G′x have the same circumference.
Let us rst prove the following lemma.
Lemma 3. Every connected N2-locally connected non-Hamiltonian K1;3-free graph
without vertices of degree 1 contains an induced subgraph H isomorphic to one of
the graphs presented in Fig. 1 and such that N1(x; G) is disconnected for every vertex
x of degree 3 or 4 in H .
Proof. Let G be a connected N2-locally connected K1;3-free graph with (G)>2 that
is not Hamiltonian. From Ryjacek's proof of Lemma 2 [1] there is a vertex set S =
fx0; x1; x2; x3; u; u2; x′1; x′2g in the graph G such that the subgraph induced by S is a graph
isomorphic to a graph G1 or G2 (see Fig. 2). Moreover there is a longest cycle C in
G such that the vertex x0 does not belong to C and the edges x′1x1; x1x2; x2x
′
2; x3u; uu2
belong to C (see bold lines of Fig. 2).
Let u2Cx′1 and x
′
2Cx3 denote the subpaths of C presented in wavy lines in Fig. 2
with pendant vertices u2; x′1 and x
′
2; x3, respectively.
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Fig. 2.
Disconnectedness of N (v; G) for v = x1; x2; x3; u has been proved in [1]. There-
fore for the proof of the lemma, suppose the set fx0; x1; x2; x3; u; u2; x′1; x′2g induces a
graph isomorphic to G1 and the subgraph N (x′1; G) is connected. Let G
′
x′1
be the graph
obtained from G by local completion at x′1. Evidently x1u2 is an edge in G
′
x′1
. Hence
C′= x′1x2x
′
2Cx3ux0x1u2Cx
′
1 is a cycle in G
′
x′1
of length jV (C)j+1. We get a contradic-
tion to part (ii) of Theorem 2. Thus N (x′1; G) is disconnected and the same holds for
N (u2; G).
Thus we can formulate the following improvement of the main result of [1].
Theorem 4. Let G be a connected N2-locally connected K1;3-free graph without
vertices of degree 1; which does not contain an induced subgraph H isomorphic to
any graph of Fig. 1 such that N1(x; G) of every vertex x of degree 3 or 4 in H is
disconnected. Then G is Hamiltonian.
Proof. The proof follows immediately from Lemma 3.
In conclusion, let us consider the graph F presented in Fig. 3. Its induced subgraph
H=F−a is isomorphic to G1 of Fig. 1 and all its vertices of degree 4 have disconnected
the neighbourhood in F . So F does not satisfy the assumption of Theorem 1. It is easy
to check that F satises the assumption of Theorem 4. Identifying the vertices a; b; c,
of F with three vertices of an arbitrarily large clique we obtain an innite family of
graphs with the same property.
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Fig. 3. The graph F .
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